The aim of this paper is to investigate implicit viscosity iterative algorithm for nonexpansive mappings in the framework of CAT(0) spaces. We prove strong convergence theorems of such algorithm under some suitable assumptions on the sequences of parameters involved therein. We also proved that the presented algorithm is faster than a number of existing iteration processes in literature. Our results extend and improve some recent results of Ahmad et al.[J. Appl. Math. Informatics 35 (5-6)(2017), 423-438] and others.
I. INTRODUCTION
A study of nonpositive curvature geodesic metric spaces originated and flourished in the first decades of the twentieth century with an introduction of hyperbolic spaces (Hadamard and Cartan). Later on Gromov restated some features of global Riemannian geometry solely based on the so-called CAT(0) inequality (letters C, A and T stand for Cartan, Alexandrov and Toponogov, respectively). For more discussion of these spaces and their role in various branches of mathematics, we refer to Bridson and Haefliger [1] and references mentioned therein.
On the other hand, different iterative schemes have been developed and used to approximate fixed points of nonexpansive mappings defined on suitable domains. These algorithms have received much attention due to its applications in a variety of mathematical problems such as inverse problems, solution approximation of partial differential equations, image recovery, and signal processing (see for example, [2] - [10] and references therein). The geometric properties of structure of a domain of nonexpansive mappings play a significant The associate editor coordinating the review of this manuscript and approving it for publication was Huanqing Wang. role in approximating the solution of its fixed point equation. In this regard, Banach spaces and Hilbert spaces are natural choices to study the existence and approximation of fixed points of certain mappings. The problem of switching from linear structures to nonlinear structures has attracted the attention of several mathematicians. CAT(0) space is a typical example of a domain possessing a nonlinear structure. Berg and Nikolaev [11] introduced an inner product-like notion called quasilinearization in CAT(0) spaces to tackle the problems of a nonlinear structure of an underlying domain.
Fixed-point theory in CAT(0) spaces was first studied by Kirk [12] , [13] . He showed that every nonexpansive (singlevalued) mapping defined on a bounded, closed, convex subset of a complete CAT(0) space always has a fixed point. Since then, the fixed point theory for single-valued and multivalued mappings in CAT(0) spaces has been rapidly developed.
Moudafi [14] introduced viscosity approximation scheme for nonexpansive mappings which converges strongly to its fixed point which also solves a certain variational inequality problem. Shi and Chen [15] studied the convergence of Moudafi's viscosity approximation type method for a nonexpansive mapping in the setting of CAT(0) spaces. Zhao et al. [16] defined implicit midpoint viscosity approximation algorithm for nonexpansive mapping. Ke and Ma [17] introduced the generalized viscosity implicit rules of nonexpansive mappings in the setup of Hilbert spaces.
Over the last 50 years the fixed point theory has been revealed as a very powerful and important tool in the study of nonlinear phenomena and fractal geometry [18] , [19] , [19] - [23] . In particular, fixed point techniques have been applied in such diverse fields as biology, chemistry, economics, engineering, game theory, and physics [24] - [27] . Fixed point theory of monotone nonexpansive mappings is gaining much attention among the researchers. Recently, Bachar and Khamsi [28] , Dehaish and Khamsi [29] , and Song et al. [30] proved some existence and convergence results for monotone nonexpansive. The study of CAT(0) spaces is very relevant in spherical geometry, for instance, in the composition of trajectories through the Earth surface or in common planetary studies of distances. structure. Our motivation is to establish two implicit viscosity approximation algorithms for fixed points of nonexpensive mappings on CAT(0) spaces.
The aim of this paper is to generate a sequence through implicit Ishikawa type viscosity approximation algorithm and implicit generalized Ishikawa type viscosity approximation algorithm and to show its strong convergence to a fixed point of the nonexpansive mapping in the setup of CAT(0) spaces. This paper is generalization of [31] .
II. PRELIMINARIES
Let (X , d) be a metric space and u, v ∈ X . A geodesic path joining u to v (or, more briefly, a geodesic from u to v) is a map c : [0, l] ⊂ R → X such that c(0) = u, c(l) = v and d(c(t), c(t )) = |t − t | for all t, t ∈ [0, l], that is, c is an isometry. Note that, d(u, v) = l. The image α of c is called a geodesic (or metric) segment joining u and v. When it is unique, this geodesic segment is denoted by [u, v] . The space (X , d) is said to be a geodesic space if every two points of X are joined by a geodesic, and X is said to be uniquely geodesic if there is exactly one geodesic joining x and v for each u, v ∈ X . A subset Y ⊂ X is said to be convex if Y includes every geodesic segment joining any two of its points. Let D be a positive number. A metric space (X , d) is called a D -geodesic space if any two points of X with distance less than D are joined by a geodesic. If this holds in convex subset Y , then Y is said to be D-convex.
Let M k be a 2-dimensional, complete and simply connected space of curvature k, where k is a constant.
We define the diameter D k of M k (k ≥ 0) by D k = π √ k for k > 0 and D k = ∞ for k = 0.
A geodesic triangle (u 1 , u 2 , u 3 ) in a geodesic metric space (X , d) consists of three points u 1 , u 2 ,and u 3 in X (called the vertices of ) and a geodesic segment between each pair of vertices (called the edges of ). If for vertices u 1 , u 2 ,and u 3 of (u 1 , u 2 , u 3 ) in a geodesic metric space X satisfying
Definition 1: A metric space (X , d) is called a CAT(k) space if and only if • (for k ≤ 0) X is a geodesic space such that all its geodesic triangles satisfy the CAT(k) inequality;
• (for k > 0) X is D k -geodesic and any geodesic tri-
which is called the (CN) inequality given by Bruhat and Tits [32] . Dhompongsa and Panyanak [33] extended the (CN) inequality as follows;
which is called the (CN * )inequality and α ∈ (0, 1). In fact, if X is a geodesic space, then the following statements are equivalent:
• X is a CAT(0) space; • X satisfy the (CN) inequality; • X satisfy the (CN * ) inequality. Euclidean space R n , Hilbert spaces, Simply connected Riemannian manifolds of nonpositive sectional curvature, Hyperbolic spaces, Trees and Hilbert ball are some classical examples are CAT(0) spaces.
We now collect some elementary facts about CAT(0) spaces which will be used in the sequel.
Lemma 2 [33] : Let X be a CAT(0) spaces. Then for any u, v, w ∈ X and t ∈ [0, 1], we have
and
Complete CAT(0) spaces are often called Hadamard spaces (see [1] ). Berg and Nikolaev [11] introduced the concept of a quasilinearization as follow.
Denote the pair (a, b) ∈ X × X by − → ab and call it a vector. A mapping ., . :
The set X equipped with a quasilinearization is said to satisfy the Cauchy-Schwarz inequality if
holds for all a, b, c, d ∈ X . It is well-known [11] that a geodesically connected metric space is a CAT(0) space if and only if it satisfies the Cauchy-Schwarz inequality. Let C be a non-empty closed convex subset of a complete CAT(0) space X . If for every u ∈ X , there exist a unique point
We denote this this unique point u by P C u. Hence P C : X → C defines a mapping u = P C (u) and is called a metric projection on X .
The following theorem gives us the conditions for a metric projection to be nonexpansive.
Theorem 3: Let C be a nonempty closed convex subset of a real CAT(0) space X and P C : X → C a metric projection.
The asymptotic radius r({u n }) of {u n } is given by
It is known (see, e.g., [34] , Proposition 7) that in a CAT(0) space, A ({u n }) consists of exactly one point. A sequence {u n } in X is said to − converge to u ∈ X if u is the unique asymptotic center of {u n } for every subsequence {u n } of {u n }. In this case we write − lim n u n = u and call u the − limit of {u n }, see [35] , [36] .
The following Lemmas are very useful for proving our main results: Then u * = Tu * . (Here → (respectively ) denotes strong (respectively −) convergence.) Moudafi [14] introduced viscosity approximation method as follows:
Theorem 6: Let C be a nonempty closed convex subset of a real Hilbert space X and T : C → C a nonexpansive mapping such that Fix(T ) is nonempty. Let f : C → C be a contraction mapping with contraction constant θ ∈ [0, 1). If u 0 is arbitrary fixed element of C, then the sequence {u n } given by
converges strongly to a fixed point u * of a mapping T , which is also the unique solution of the variational inequality VI(F) [15] studied the convergence of Moudafi's viscosity approximation type method for a nonexpansive mapping in the setting of CAT(0) spaces. Suppose that
They proved that {u n } defined by (6) and {u n } defined by (7) converges strongly to a fixed point of T in the framework of CAT(0) spaces. Zhao et al. [16] obtained a sequence {u n } in C by replacing u n by u n ⊕u n+1 2 in (7) as follows:
We call it implicit midpoint viscosity approximation algorithm for nonexpansive mapping T : C → C. Motivated by the idea of Ke and Ma [17] , we introduce implicit Ishikawa type viscosity approximation algorithm for nonexpansive mapping T : C → C as follows:
Let u 0 ∈ C be an initial approximation. Define a sequence {u n } in C by
Thus
. VOLUME 8, 2020 We also introduce implicit generalized Ishikawa type viscosity approximation algorithm for nonexpansive mapping T : C → C as follows: Let u 0 ∈ C be an initial approximation. Define a sequence
Under suitable conditions on parameters, we shall prove that the sequence {u n } generated by implicit Ishikawa type viscosity approximation algorithm and implicit generalized Ishikawa type viscosity approximation algorithm converge strongly to a fixed point of the nonexpansive mapping T : C → C.
The following Lemma give the necessary conditions for the convergence of a sequence of nonnegative real numbers.
Lemma 7: Assume that {a n } is a sequence of nonnegative real numbers such that a n+1 ≤ (1 − β n )a n + δ n , for all n ≥ 0.
where {β n } ⊂ (0, 1) and {δ n } is a sequence with ∞ n=0 β n = ∞ and lim n→∞ sup δ n β n ≤ 0 or ∞ n=0 |β n | < ∞. Then lim n→∞ a n = 0.
III. CONVERGENCE RESULTS
We start with the following result.
Theorem 8: Let C be a nonempty closed convex subset of a complete CAT(0) space X , T : C → C a nonexpansive mapping with Fix(T ) = ∅ and f : C → C a contraction with coefficient θ ∈ [0, 1). Let u 0 ∈ C and {u n } a sequence in C generated by the following algorithm
where {α n } and {s n } are the sequence in (0, 1) satisfying the following conditions:
Then {u n } converges strongly to a fixed point u * = P Fix(T ) f (u * ) of a mapping T , which is also the unique solution of the following variational inequality
An element u * is the unique fixed point of the contraction P Fix(T ) f .
Proof: We divide the proof into five steps:
Step 1: We show that {u n } is a bounded sequence. Indeed for p ∈ Fix(T ), we have
As {α n }, {s n } ⊂ (0, 1), 1 − (1 − α n )(1 − s n ) > 0. By (11), we obtain that
Inductively, we obtain that
Step 2: We prove that lim
As 0 < τ < s n < s n+1 < 1, for all n ≥ 0, we have
|α n+1 − α n | = ∞. It follows from Lemma 7 that lim n−→∞ d(u n+1 , u n ) = 0.
Step 3: We show that lim n−→∞ d(u n , Tu n ) = 0. Note that
By lim n−→∞ d(u n+1 , u n ) = 0 and lim n→∞ α n = 0, we obtain that lim n→∞ d(u n , Tu n ) = 0.
Moreover, we have
On taking limit as n −→ ∞, we obtain that
Step 4: We now claim that lim sup
where u * = P Fix(T ) f (u * ). Indeed, we take a subsequence {u n i } of {u n } which converges weakly to a point p. From lim n→∞ d(u n , T (u n ) = 0 and the Lemma 5 , we have p = Tp. Thus,
Step 5: Finally, we show that u n → u * as n → ∞. Now, we again take u * ∈ Fix(T ), which is the unique fixed point of the contraction P Fix(T ) f . Consider
(13) VOLUME 8, 2020 Solving this quadratic inequality for d((s n u n ⊕ (1 − s n )u n+1 )u * ) yields that
This implies that
that is, (s n − s n α n + θ n α n )d(u n , u * )
Hence we have
≤ (s n − s n α n + θ n α n ) 2 d 2 (u n , u * )
that is,
.
Let
Since the sequence {s n } satisfies 0 < τ < s n < s n+1 < 1, for all n ≥ 0 and lim n→∞ s n exists, lim n→∞ s n = s * > 0. Then
There exists a sufficiently large integer N 1 such that w n > ρ 1 for all n > N 1 . Hence, we have
By (19) , we have
Note that lim sup
From (21), (22) , and the Lemma 5, we have
This implies that u n → u * as n → ∞.
Theorem 9: Let C be a nonempty closed convex subset of a complete CAT(0) space X and T : C → C a contraction with coefficient θ ∈ [0, 1) and u 0 an initial point in C. Let {u n } be a sequence generated by
where {α n }, {β n }, {γ n } and {s n } are the sequence in (0, 1) satisfying the following conditions: 1) α n + β n + γ n = 1,
2)
∞ n=0 β n = ∞ and lim
4)
∞ n=0 |β n+1 − β n | < ∞, 5) 0 < τ < s n < s n+1 < 1, for all n ≥ 0;. Then {u n } converges strongly to the fixed point u * = P Fix(T ) f (u * ) of the mapping T , which is also the unique solution of the variational inequality
Note that u * is the unique fixed point of the contraction P Fix(T ) f . Proof: We divide the proof into five steps.
Step 1: We show that {u n } is a bounded sequence. Indeed, for p ∈ Fix(T ), we have
It follows that
≤ [(α n + β n θ + γ n s n )]d(u n , p) + β n d((f (p), p). (24) As {β n }, {s n } ⊂ (0, 1), 1 − γ n (1 − s n ) ≥ 0. By (24) and α n + β n + γ n = 1, we obtain that
≤ max d(u n , p),
Inductively, we arrive at
Hence, {u n } is bounded. Also, {f (u n )} and
{T (β n u n ⊕ (1 − s n )u n+1 } are bounded sequences.
Step 2: Now, we prove that lim n−→∞ d(u n+1 , u n ) = 0. Note that
= γ n (1 − s n )d(u n+1 , u n ) + (α n + θβ n + γ n s n−1 )d(u n , u n−1 )
where M 2 ≥ max sup n≥0 d((u n , T (s n u n ⊕ (1 − s n )u n+1 ))), sup n≥0 d((f (u n ), T (s n u n ⊕ (1 − s n )u n+1 ))) .
It turn out that
Thus, we have
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|β n+1 − β n | ≤ ∞ and Lemma (7), we get that lim
Step 3: Now we show that lim
By lim n−→∞ d(u n+1 , u n ) = 0 and lim n→∞ γ n = 1, we have lim n→∞ d(u n , Tu n ) = 0. Moreover,
On taking limit as n −→ ∞, we obtain that d(T (s n u n ⊕ (1 − s n )u n+1 , u n ) −→ 0.
where u * = P Fix(T ) f (u * ). Indeed, we take a subsequence {u n i } of {u n } which converges weakly to a point p. From lim n→∞ d(u n , Tu n ) = 0 and the Lemma (5), we have p = Tp. Step 5: Finally, we show that u n → u * as n → ∞. Consider d 2 (u n+1 , u * ) n )( s n u n + (1 − s n )u n+1 4 )
= u n ( n 2 + 3n 4n 2 + 5n − 1 ) Following Table 1 contains values of u n and u n+1 at nth iteration. Table 1 shows that the iterative scheme converge to 0, which is a fixed point of T i.e 0 ∈ Fix(T ). Moreover −−→ 0f (0), − → 0v = 0, v = 0∀v ∈ Fix(T )
In Figure 1 , orange graph is for mapping T and green dots are for iterative values. Example 2: Let f (u) and T (u) be contraction and nonexpansive mapping respectively. Let α n = 1 n , s n = n n+1 , f (u n ) = u n 9 and T (u n ) = 2u n 3 . Then by, u n+1 = α n f (u n ) + (1 − α n )T (s n u n + (1 − s n )u n+1 ) we have, u n+1 = u n ( 6n 2 − 6n + 1 9n 2 + 3n + 6 )
Following Table 1 contains values of u n and u n+1 at nth iteration. Table 2 shows that the iterative scheme converge to 0, which is a fixed point of T i.e 0 ∈ Fix(T ). Also
In Figure 2 , orange graph is for mapping T and green dots are for iterative values.
V. CONCLUSION
In this paper, we introduced implicit Ishikawa type viscosity approximation algorithm and implicit generalized Ishikawa type viscosity approximation algorithm. These are first implicit viscosity approximations methods for nonexpensive mappings on CAT(0) spaces. Strong convergence of proposed methods are proved under certain assumptions. Numerical examples are solved to validate our results. Our proposed algorithms can be used in solving integral equations, differential equations, and equilibria or stability can be described with the help of fixed points that can be computed from proposed algorithms. It is interesting to introduced implicit Noor [37] , SP [38] and CR [39] type viscosity approximation methods for fixed points of nonexpensive mappings on CAT(0) spaces. Also development of viscosity iterative method for common fixed point of nonexpensive mapping on CAT(0) spaces is interesting and Jungck type iterative methods [40] can be used for this purpose.
